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Synchrotron radiation is used mainly to measure the dimensions of
an electron beam. The transverse size is obtained by forming an im-
age of the beam cross section by means of the emitted synchrotron
radiation. The obtained resolution is limited by diffraction. The
angular spread of the particles in the beam can be obtained by di-
rect observation of the radiation. Here, the natural opening angle
of the emitted light sets a limit to the resolution. Measuring both,
beam cross section and angular spread, gives the emittance of the
beam. In most cases only one of the two parameters is observed and
the other obtained from the known properties of the particle optics.
The longitudinal particle distribution is directly obtained from the
observed time structure of the emitted radiation. In most cases the
observed radiation is emitted in long bending magnets. However,
short magnets and undulators are also useful sources for some mea-
surements. For technical reasons the beam diagnostics is carried
out using visible or ultraviolet light. This part of the spectrum is
far below the critical frequency and corresponding approximations
can be applied for the radiation properties. Synchrotron radiation
is an extremely useful tool for diagnostics in electron (or positron)
rings.
1 INTRODUCTION
There are mainly three types of measurement made with synchrotron radiation:
imaging to measure the beam cross section, direct observation to measure the angular
spread of the particles and observation of the longitudinal structure of the radiation to
obtain the bunch length.
For the most common measurement the radiation, emitted tangentially in the bend-
ing magnet, is extracted from the vacuum chamber through a window. A lens is then
used to form an image of the source point on a screen. This is illustrated in Fig. 1.
It is also possible to observe the synchrotron radiation directly without using focus-
ing elements as shown in Fig. 2. In this case one measures the angular distribution of the
particles in the beam. If a horizontal bending magnet serves as source of the radiation,
only the vertical angles can be measured. The resolution is limited by the natural opening
angle of the radiation itself.
The bunch length can be measured by observing the time structure of the emit-
ted radiation. Since the light pulse observed from each individual particle is very short
the time distribution of the radiation reflects directly the longitudinal bunch shape as
indicated in Fig. 3. A fast photon detector is needed to measure this distribution.
2 PROPERTIESOF SYNCHROTRON ANDUNDULATORRADIATION
The properties of synchrotron radiation has been treated in this and earlier schools
and can be found in many publications. However, for convenience we summarize here the









































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 1: Imaging of the beam cross section with synchrotron radiation


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 3: Observation of the synchrotron radiation time structure to measure bunch
length
2.1 Qualitative treatment of the radiation
We start with a qualitative treatment of the synchrotron radiation emitted in long
magnets, in short magnets and in undulators.
We consider an electron moving in the laboratory frame F on a circular orbit and
emitting synchrotron radiation, Fig. 4. In a frame F ′, which moves at one instant with
the same velocity, v = βc, as the electron, the particle trajectory has the form of a
cycloid with a cusp where the electron undergoes an acceleration in the −x′ direction.
Like any accelerated charge it will emit radiation which is in this frame F ′ approximately
uniformly distributed. Going now back to the laboratory frame F , by applying a Lorentz
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Figure 4: Opening angle of synchrotron radiation caused by the moving source
transformation, this radiation will be peaked forward. A photon emitted along the x′-axis
in the moving frame F ′will appear at an angle 1/γ in the laboratory frame F . The
typical opening angle of synchrotron radiation is therefore expected to be of order 1/γ.
For ultra-relativistic particles, γ  1, the radiation is confined to very small angles around
the direction of the electron motion.
Next we try to estimate the typical frequency of the emitted synchrotron radiation
spectrum and consider an electron going through a long magnet where it emits radiation,
which reaches an observer P , Fig. 5. We ask ourselves how long the pulse of radiation
will last. Due to the small opening angle this observer and the velocities of electron and
photon being close, will see the light for a rather short time only. The radiation seen first
is emitted at the point A, where the electron trajectory has an angle of 1/γ with respect
to the direction towards the observer, and the last time at point A′ where this angle is
−1/γ. The length of the radiation pulse seen by the observer is just the difference in
travel time between the electron and the photon in going from point A to point A′
































where we used the approximation














This frequency is proportional to γ3. A factor γ2 comes from the difference in velocity
between electron and photon and another factor of γ is due to the difference in trajectory
length of the two in the magnet.
We consider now the radiation emitted in a short magnet having a length L < 2ρ/γ.
An observer will receive the radiation emitted during the whole passage of the electron

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 5: Spectrum of synchrotron radiation emitted in a long magnet
through this magnet, Fig. 6. The duration of the received pulse is now determined by the
length L of the deflecting magnet. Again, the length of the radiated pulse is given by the



















This frequency contains only a factor γ2 since the difference in trajectory length is small
if the magnet is sufficiently short.
An interesting source of synchrotron radiation is an undulator. It consists of spatially
periodic magnetic fields with period length λu in which the particles move on a sinusoidal
orbit, Fig. 7. Each of the periods represents a source of radiation. These contributions
emitted towards an observer at an angle θ will interfere with each other. We get maximum
intensity at a wavelength λ for which the contributions from different undulator periods








λu(1 − β cos θ)
βc
.
For a relativistic particle the angle θ at which radiation of reasonable intensity can be










(1 + γ2θ2). (2)
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Figure 7: Spectrum of synchrotron radiation emitted in an undulator
3 RADIATION EMITTED BY A RELATIVISTIC CHARGE
3.1 The time scales for emission and observation of the radiation
Synchrotron radiation is emitted by a moving charge and received by a stationary
observer. To describe these processes one uses two time scales: the time t′ of emission
and the time t of observation. This is shown in Fig. 8 where the charge q moves on a
trajectory R(t′) emitting radiation which is received by an observer P , being at a distance
r(t′) = |r(t′)|, at the later time t




The vectors R(t′) and rp, pointing from the origin to the charge and the observer re-
spectively, and the vector r(t′), pointing from the charge to the observer, are related
by
R(t′) + r(t′) = rp.
We differentiate this with respect to the time t′ and use the expression for the particle
velocity and the unit vector pointing from the charge to the observer
dR(t′)
dt′
= v = βc = −dr
dt′
, n = r(t
′)
r(t′)









dt′ = −r · v ,
dr
dt′ = −n · v ,
dr
dt′ = −v = −βc.
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Figure 8: Particle trajectory and radiation geometry
From this we obtain the relation between increments of the observation time t and the
emission time t′
dt = (1 − n · β)dt′.
This relation is important for many aspects of synchrotron radiation and appears in
various expressions. In the forward direction, where n and β are nearly parallel, the
observation time interval is in the relativistic case much shorter than the emission time
interval. This compaction in time leads to the very high frequencies observed in syn-
chrotron radiation.
3.2 The fields of a moving, accelerated charge
One starts from the potentials of a moving charge and gets the field from Maxwell’s
equation taking the relation between the two time scales into consideration. As a result
we obtain the Lie´nard-Wiechert equation for the electric and magnetic field of a moving







r2(1− n · β)3 +
[
n× [(n− β)× β˙]
]









These equations are the basis for calculating the radiation emitted in long and short
magnets as well as in undulators. The index ‘ret.’ indicates that the expression inside
the bracket has to be evaluated at the time t′ of emission in order to get the field received
at the time t by the observer. For a general motion of a charge the relation between the
time scales can be very complicated.
The expression for the electric field has two terms. The first one, proportional to
1/r2, does not contain the acceleration and can be reduced to a Coulomb field by a Lorentz
transformation. Therefore, it does not contribute to the radiated power. The second term
is proportional to the acceleration and to 1/r. It will dominate at large distances and is








n× [(n− β)× β˙]
]





This is fine as long as we use the field to discuss the polarization properties and to
calculated the radiation power. It should however be noted out that the ‘far-field’ alone
does not satisfy Maxwell’s equations.
A. HOFMANN
300
3.3 The power radiated by the particle





[E× [n×E]] = 1
µ0c
(
E2n− (n · E)E
)
.





It represents the energy passing through a unit area per unit time t of observation. To
get the power P radiated by the particle into a unit solid angle we have to consider the






= (n · S)
dt
dt′
r2 = S(1− n · β)r2 =
r2E2
µ0c
(1− n · β), (5)
where S = |S| is the absolute value of the Poynting vector and Ω is the solid angle. To
calculate the power distribution we use a coordinate system (x, y, z) in which the particle
is momentarily at the origin moving in the z−direction and express the three components
with the angles θ and φ of the corresponding spherical coordinate system. The unit vector
n pointing from the particle to the observer and the normalized velocity vector β are
n = (sin θ cos φ, sin θ sinφ, cos θ) and β = β (0, 0, 1) .
We take now the case of an acceleration being perpendicular to the velocity and pointing
in the −x direction. This corresponds to synchrotron radiation emitted by an elemen-






, β˙ = β
2c
ρ
(−1, 0, 0) .






n× [(n− β)× β˙]
]2





γ2(1− β cos θ)2 − sin2 θ cos2 φ
(1 − β cos θ)5
)
, (6)





−15 m for electrons
1.535 10−18 m for protons .












where we approximated for an ultra-relativistic particle. If the orbit is a closed circle we
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This expression is also valid for a ring having all magnets of the same strength and field-
free straight sections in between.
For the instantaneous angular distribution (6) we assume the ultra-relativistic case
β ≈ 1, γ  1 for which the radiation is peaked forward and confined to a cone of opening
angle θ ∼ 1/γ. We use the corresponding approximations and the expression for the total











3.4 Fourier transformed radiation field and angular spectral power density
We derived the electric and magnetic radiation fields emitted by a moving charge
q = e as a function of time (4). As we said before, the difficulty to calculate these fields
lies in the fact that the expressions involving the particle motion have to be evaluated at
the earlier time t′ which has, in general, a rather complicated relation to the time t of
observation. For this reason it is often easier to calculate directly the Fourier transform






This integration involves the time t since we are interested in the spectrum of the radiation
as seen by the observer. We can however make a formal substitution of the integration










n× [(n− β)× β˙]
]
r(1− n · β)2

 e−iω(t′+r(t′)/c)dt′. (8)
We omitted in the above equation the index ‘ret’ since the integration variable is anyway
the time t′ at which the expressions are evaluated. By partial integration we obtained in








[n× [n× β]] e−iω(t′−r(t′)/c)dt′ (9)
which is an easier equation to deal with than (4) giving the field in time domain. However,
we should remember the expression (9) involves some approximations.
Based on this Fourier transformed field the angular spectral energy density, i.e. the










The factor 2 on the right hand side indicates that the spectral energy density is taken
at positive frequencies only, contrary to the field which is taken at positive and negative
frequencies. This is common practice since power can be measured directly but the sign
of the frequency cannot be observed during such measurements. The field, however, is
rarely accessible to direct measurements.
Sometimes one likes to give the power radiated per unit solid angle and frequency
band, called the angular spectral power density. This only makes sense if this power can
be averaged over some interval. In the case of synchrotron radiation emitted on a closed






















































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 9: Geometry used to describe the synchrotron radiation











This expression (11) gives the average received power which is also the power radiated
by the particle. For a magnet of finite length Lu, like an undulator, radiation is emitted
during the whole traversal time ∆t′ = Lu/c which reaches the observer. The average










4.1 The synchrotron radiation field
We consider now the radiation emitted by a charge which moves momentarily with
a constant ultra-relativistic speed on a circular trajectory of bending radius ρ as shown
in Fig. 9. This is the case of ordinary synchrotron radiation emitted by a charge q = e in
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Figure 10: Normalized angular spectral distribution functions Fσ(ω, ψ) and Fpi(ω, ψ) as a
function of angle and frequency
The fact that the expression for the vertical field E˜y(ω) has an imaginary factor in
front while this factor is real for the horizontal component, indicates that the two fields
are 900 out of phase for a given frequency ω. There is therefore some circular polarization
present which vanishes in the median where the polarization is purely horizontal.












[Fσ(ω, ψ) + Fpi(ω, ψ)] . (15)
Here, P0 is the total radiated power given by (7). The solid angle element can be approx-
imated by dΩ ≈ dφdψ due to the small vertical opening angle of the radiation ψ  1.
The form of the distribution is determined by the two expressions Fσ(ω, ψ) and
Fpi(ω, ψ) which give the contributions of the two linear polarization components. The first
one, called σ-mode, has the electrical field in the plane of the particle orbit (usually the
horizontal plane) and the second one, called pi-mode, has the electric field perpendicular





























They are illustrated in Fig. 10 as a function of normalized vertical angle γψ and frequency
ω/ωc . As expected the horizontal polarization (shown on the left) is concentrated in the
median plane where the vertical polarization (on the right) vanishes. The opening angle
increases with decreasing frequency.
As mentioned earlier, diagnostics with synchrotron radiation is carried out mostly
with visible (or close to visible) light. In electron rings this light is at the lower part of













































































































































































































































































































































































































































































































































































Figure 11: Vertical distribution of synchrotron radiation at low frequencies ω  ωc
of the Airy function or its derivative in (13) is small except if γ2ψ2 becomes very large.
Therefore, we make a small error by replacing (1 + γ2ψ2) by γ2ψ2 inside the argument of
the Airy functions. Using the expression (14) for the critical frequency we get then for













With this we get for the electric field (13) and spectral angular distribution (15) at small
























































It is interesting to note that these expressions do not depend on γ. At low frequencies the
properties of synchrotron radiation are independent of the particle energy and depend
only on the radius ρ of curvature. This fact is important for diagnostics applications
which usually uses the lower part of the spectrum. The angular power distribution for
this case is plotted in Fig. 11.
The RMS opening angle of synchrotron radiation can be calculated [1] which gives














































An undulator is a spatially periodic magnetic structure designed to produce quasi-
monochromatic radiation from relativistic particles. We consider here a plane harmonic
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 12: Geometry of undulator radiation
undulator with period length λu, Fig. 12. It has in the median plane (y = 0) a magnetic
field of the form
B(z) = By(z) = B0 cos(kuz)
with the wave number ku = 2pi/λu. If the field is not too strong the trajectory of a particle
going along the axis is of the form
















which gives the ratio between the maximum deflecting angle ψ0 and the natural opening
angle of the radiation 1/γ. For the case K < 1 the emitted light is deflected by angle
ψ0 smaller than the natural opening angle. An observer will receive a weakly modulated
field which is quasi-monochromatic. However, for K > 1 the deflection is larger than the
natural opening angle and the observer will receive strongly modulated light containing
harmonics of the basic modulation frequency.






















1 + γ2θ2 =
ω10
1 + γ2θ2 .




2 (Fuσ(θ, φ) + Fupi(θ, φ))fN (∆ω),
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Figure 13: Normalized angular power distribution of undulator radiation; left: horizontal,
right: vertical polarization
where Pu is the total radiated power and the two function Fuσ and Fuσ determine the




(1 − γ2θ2 cos(2φ))2
(1 + γ2θ2)5






They are shown in Fig. 13 which clearly illustrates that the horizontal polarization (on
the left) is concentrated in the forward direction while the vertical one (on the right)
vanishes on the axis itself as well as in the horizontal and vertical plane.
The function fN (∆ω) gives the spectral distribution at a given angle θ which depends
















with ∆ω = ω − ω1.




fN (∆ω)dω = 1 , fN (∆ω)→ δ(∆ω) for Nu → ∞.
In this latter case the radiation is monochromatic at each observation angle θ with the
frequency ω1.
4.3 Generalized undulators – weak magnets
We consider now a magnet which is sufficiently short and weak that the deflection
it produces for the beam stays within an angle smaller than 1/γ. We assume that the
particle trajectory lies in the x, z-plane and follows closely the z-axis and give the magnetic
field in the form
By = By(z).
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The radiation observed at frequency ω and angle θ is determined by the Fourier component




[1 − γ2θ2 cos(2φ), γ2θ2 sin(2φ)]
(1 + γ2θ2)2 B˜y(ksm) (21)
= 2r0γ
rp






























This expression gives the radiation from a general magnet provided that the deflection is
weak and nowhere exceeds an angle of 1/γ.
A special case of a short magnet is an undulator having a harmonic field which is









For the case of many periods Nu within its characteristic length 2z0 the total energy





We treat this undulator as a short magnet and filter out the frequency component ω10
from the radiation
ω = ω10 = kuc2γ2




= ku(1 + γ2θ2).








where we are left with the horizontal polarization mode only. From (10) we obtain emitted







The radiation from this Lorentz modulated undulator, filtered at ω10, has a Gaussian
angular energy distribution with RMS values for the polar angle θ and the two Cartesian












5 IMAGING WITH SR — QUALITATIVE TREATMENT
5.1 Diffraction of radiation emitted in long magnets
We use synchrotron radiation from a long magnet to form an image of the beam cross
section with an arrangement shown in Fig. 14. For simplicity a single lens is considered
to form a 1:1 image. This is no restriction since we could also use a magnification and
then project the image back to the source to get the resolution in terms of beam size.
Since the vertical opening angle of the radiation σ′γ is small, only the central part of the
lens is illuminated. The situation is therefore similar to optical imaging with a limited





where d is the half size of an image from a point source and D is the full lens aperture.
For synchrotron radiation observed at the low frequency part of the spectrum we found
for the horizontal polarization an RMS opening angle (19) which is
σ′γ = ψσ−RMS ≈ 0.41(λ/ρ)1/3
for the σ-mode. Relating this to (25) we take D ≈ 4σγR since the lens represents the full
aperture which we approximate with ±2ψσ−RMS to get
d ≈ 0.3(λ2ρ)1/3.
We find that the resolution improves with shorter wavelength and with smaller radius
of curvature. Due to the latter dependence synchrotron radiation monitors have a poor
resolution in large machines as indicated in the examples shown in Table 1. A wavelength
as short as possible can help to improve the resolution. Special magnets with strong
curvature could help to improve the resolution but the weak dependence on ρ makes this
approach not very attractive.
Diffraction represents often a serious limitation of the resolution for large machines.
It is caused by the small opening angle of synchrotron radiation. Sometimes the question
arises if a large angular spread of the particles in the beam helps the resolution since a
larger part of the lens is now illuminated. This is not the case since the diffraction results
in a finite size image of each particle. The radiation originating from different particles
has no phase relation and does not produce the corresponding diffraction pattern.
5.2 Depth of field effect for the radiation emitted in long magnets
We consider now the effect of the depth of field on the resolution of an image of the
beam cross section. The situation is illustrated in Fig. 15. We discussed at the beginning
the length of orbit from which radiation can be received by an observer, Fig. 5. There, we
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Figure 14: Imaging the beam cross section with synchrotron radiation
machine ρ λ σ′γ d
m nm m rad mm
EPA (CERN) 1.43 400 2.7 0.018
LEP (CERN) 3096 400 0.21 0.24
Table 1: Resolution for imaging with synchrotron radiation in different machines
assumed an opening angle of ±1/γ for the radiation. In forming the image of the beam
we use σ-mode of the low frequency part of the spectrum for which the opening angle is
σ′γ ≈ 0.41(λ/ρ)1/3. The part of the orbit from which radiation of wavelength λ can reach
the observer has therefore a length of about ±2σ′γρ. We consider now three points A, B
and C along this orbit where B is located at the nominal distance R = 2f from the lens
having a focal length f and the other points deviate by ±2σ′γρ from it. For a 1:1 image
and assuming σγρ  R we find that the images A′ and C ′ have also about the spacing




It is interesting that the resolution limitation due to the depth of field effect has the same
parameter dependence as the one caused by diffraction.





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 15: Depth of field effect
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5.3 Diffraction and depth of field effect for undulator radiation










































This equation contains the function sin x/x which has a maximum value of unity at x = 0








We assume now an undulator with many periods Nu  1 for which the radiation at
ω = ω10 is concentrated within an angle much smaller than 1/γ. We can then approximate









From this we obtain the angular spectral power distribution for which we make an expo-


















which is plotted in Fig. 16.
For the evaluation of the diffraction we would like to use the RMS width of this
angular power distribution. However, the variance of function (sinx/x)2 diverges. This
is due to the unphysical undulator field which is harmonic within ±Lu/2 but vanishes
abruptly outside this range. This produces high frequency tails which appear also at
relatively large angles θ. To still get an estimate for the resolution limitation by diffraction


























Since the resolution is proportional to
√
Lu one would like to work with a short undulator.
However, we obtained the above expression with the assumption Nu  1. A more detailed
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Figure 16: Angular power distribution of undulator radiation at ω10
calculation is necessary to treat the more general case of an undulator having few periods
or of a short magnet.
We can also investigate the depth of field effect by replacing the source length 2σ′γρ








Again, diffraction and depth of field effect have the same parameter dependence and are
of similar magnitude.
5.4 Resolution for imaging with short magnet radiation
We treated the radiation from short magnets before and obtained the angular spec-
tral power distribution (22) for a general, but weak field B(z). Without knowing the
details of this field we can estimate the opening angle of the radiation from the length
Lsm of the source. Considering two points, one at the beginning and one at the end of
the short magnet, emitting radiation with the wavelength λ for which we get positive








































The radiation emitted at wavelength λ has a first minimum at the above angle. Of course
this is a rough estimate since we should also take the radiation emitted in between the
end point of the magnet into account. Using this angle σ′γ = 1/(
√












Using this very general argument we find a similar resolution to the one obtained for an
undulator.
6 IMAGING WITH SR — FRAUNHOFER APPROXIMATION
6.1 Fraunhofer diffraction
We treat now the diffraction in a more quantitative way and consider an image
formed with synchrotron radiation as illustrated in Fig. 17. We form a 1:1 image with
a single lens at a distance R from the source. The emitted Fourier transformed field
components have a horizontal and vertical angular distribution of the form
E˜x = E˜x(x′γ , y′γ) , E˜y = E˜y(x′γ , y′γ).
At the lens this is converted into a spacial distribution
E˜x(x, y) = E˜x(Rx′γ , Ry′γ) , E˜y(x, y) = E˜x(Rx′γ , Ry′γ).
The point source in the figure is imaged on to the image point at a distance R from the
lens. In this case all rays between source and image points have the same optical length.
The dashed circular arc with radius R around the image point, shown in the figure,
represents therefore a cut through an equi-phase surface. Using Huygens’s principle we
consider each point on this surface as a source of a radiation field of strength proportional
to (E˜x(x, y), E˜y(x, y)). We restrict ourselves to a scalar field E which can stand for either
the horizontal or vertical field components. From this secondary source point (x, y, z) this
field propagates towards the image plane (X, Y ) in the form of a wave
δE˜(X, Y ) ∝ E˜(x, y)e(kr−ωt), (29)
where k = 2pi/λ is the wave number of the radiation and r the distance between the
secondary source and the observation point in the image plane
r2 = (R− z)2 + (x −X)2 + (y − Y )2.
On the equi-phase surface we have (R− z)2 = R2 − (x2 + y2) which gives
r =
√

















The small opening angle of synchrotron radiation and the limited extension of the image
permit to use an approximation and we neglect from now on higher order terms in (X/R)
and (Y/R).
We get the field in the image plane by integrating the contribution (29) from each
surface element of the secondary source
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Figure 17: Diffraction in imaging with synchrotron radiation
We omit the oscillatory term as well as fixed phase term exp (ikR) which are both of no
interest and replace the coordinates (x, y) at the lens by the angles (x′, y′) at which the
radiation is emitted





E˜(x, y)e−i(x′kX+y′kY )dx′dy′. (30)
This integral represents a Fourier transform. In other words, the field distribution E˜(X, Y )
in the image plane is just proportional to the two dimensional Fourier transform of the
field distribution at the lens, or of the angular distribution of the emitted radiation
E˜(kX, kY ) ∝ FE˜(x′, y′).
Instead of the source angles x′ and y′ we can use a spherical coordinate system
(R, φ, θ) having the origin at the source and the relations
x = R sin θ cos φ ≈ Rθ cos φ; , y = R sin θ sinφ ≈ Rθ sin φ.
We also express the image coordinates X, Y by polar coordinates (RΦ) with the relations








In some cases the emitted radiation is independent of the azimuthal angle φ which
leads also to the same symmetry for the diffraction pattern at the image plane. The

















In all these calculations of the diffraction we assumed a point source located at the
distance R from the lens. This is an approximation for the case of synchrotron radiation.
In the treatment of the depth of field we said that the length of the source is ±2σ′γρ
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and used for the RMS opening angle σ′γ ≈ 0.41(λ/ρ). If we take the finite longitudinal
extension of the source into account the sphere of radius R around the image center
is no longer an equi-phase surface. The calculation becomes more complicated and the
exponent in the integral (30) will contain quadratic terms of coordinates x and y at the
lens. This leads to the case of Fresnel diffraction which is not covered here but can be
found in more profound treatments [5, 6]. Since we found before that the depth of field
effect is of the same order as the diffraction we expect the improved treatment to make
a sizable correction. However, we will in the following still use the Fraunhofer diffraction
to illustrate some of the underlying physics.
6.2 Diffraction of synchrotron radiation emitted in long magnets
We use here synchrotron radiation from a long magnet to image the cross section
of the beam. The radiation depends only on the vertical emission angle y′ which we
called y′ = ψ before. The Fourier transformed electric field in the approximation of small































The corresponding power distribution is proportional to the square of this field and is
plotted in Fig. 18. To get the image given by Fraunhofer diffraction we have to use the
expression (30). The field distribution in the horizontal direction is uniform by nature
and will be terminated by some aperture limitation due to a slit or lens size. Since this
aperture will determine the horizontal diffraction one does not want to make it too small.
On the other hand, by making it too large we will increase the depth of field effect. As
a compromise one makes the horizontal angular acceptance comparable to the natural
vertical distribution. Considering that the horizontal limitation has a sharp edge a value
of the order |x′| ≤ 2σ′γ is a reasonable compromise. We restrict ourselves here to the
vertical resolution and integrate (30) only over the vertical coordinate and get for the





This integration has to be done numerically. The corresponding image power is propor-
tional to |E˜(Y, λ)|2 and is plotted in Fig. 19 for the horizontal and vertical polarization
as well as for the total radiation. The RMS values of the image power are
σY,σ = 0.206(λ2ρ)1/3 , σY,pi(λ2ρ)1/3 , σY,total = 0.279(λ2ρ)1/3. (32)
From the figure it is evident that the image is narrowest for the σ-mode of the radiation.
Using a horizontal polarizing filter will therefore improve the resolution of the image by
about 25%.
6.3 Diffraction for the undulator having a Gaussian angular distribution












DIAGNOSTICS WITH SYNCHROTRON RADIATION
315



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 18: Vertical distribution of synchrotron radiation from long magnets







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 19: Fraunhofer diffraction for synchrotron radiation from long magnets
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To calculate the diffraction for the field distribution we make use of its azimuthal










The integral appearing above can be found in [7]. The energy distribution of the diffraction
pattern has the form
dW












7 DIRECT OBSERVATION OF SR
Instead of forming an image of the beam cross section we can observe the synchrotron
radiation directly and measure its angular distribution. This experiment can determine
the angular spread of the particles in the beam. The resolution is clearly limited by the
natural opening angles of the synchrotron light, as shown in Fig. 20. In order to correct
for this it is advantageous to use quasi-monochromatic light for which the distribution
and the sensitivity of the detector is well known. The angular spread of the particles can
then be obtained by a deconvolution.
The angular spread and the dimension of the particle beam in a ring are related by
an invariant emittance . It is defined as the RMS phase space area divided by pi. At
locations where the beam size has a maximum or minimum the emittance is simply given
by the product of RMS beam size and angular spread  = σσ′ . At other locations the
phase space area forms a tilted ellipse and the relation is more complicated and determined
by the local particle beam optics described by the lattice function β(s), α(s), γ(s) in the
two planes. At the location of maximal or minimal beam size the ratio between size and
angular spread is simply given by σ/σ′ = β. A convenient method has been developed [8]
to use the lattice functions at the source to treat the photon beam distribution measured
on a screen at a distance s from the source. If the lattice functions are known at the
source s = 0 we can calculate their propagation in a drift space being free of focusing
elements to get the values at a distance s
β(s) = β(0)− 2α(0)s + γ(0)s2.
Apart from the finite opening angle we can treat the synchrotron radiation emitted in
the forward direction like particles and describe their propagation by the same lattice
functions. We can therefore define a beta function for the photon beam at the screen
βγ(R) = β(R). Neglecting the finite opening angle of the radiation the photon beam size
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Figure 20: Limitation of the angular spread measurement by the natural opening angle
of synchrotron radiation
To take into account the effect of the RMS opening angle σγ of the emitted synchrotron
radiation we just have to de-convolution the picture on the screen with this photon dis-
tribution. In many cases we can approximate all distributions by a Gaussian and obtain
the relation
σ2 = σ2γ + σ2 .
Of course in an actual measurement there are other contributions to the beam size like
the limited resolution of the radiation detector or the energy spread of the particle beam
in case of a finite dispersion at the source, etc.
The finite opening angle of the radiation limiting the resolution of this direct obser-
vation is smaller for a shorter wavelength. For radiation from long magnets the vertical



















Because the direct observation does not involve any focusing elements we can chose short
wavelength radiation, like x-rays.
8 EMITTANCE MEASUREMENTS
We investigated the radiation emitted by a relativistic charge in long magnets and
in undulators which can be used to form an image of the beam cross section and to get
its dimension σ or to obtain the angular spread σ′ of the particles. Concentrating for
simplicity on locations at which the beam size has a maximum or minimum, the product
of these two quantiles is the emittance which is an invariant around the ring, and their
ratio is given by the beta function which depends on the local focusing properties
 = σσ′ = σ
2
β





Source σγ σ′γ γ















Table 2: Fraunhofer diffraction, natural opening angle and emittance of different radiation
sources
We can determine the emittance using synchrotron radiation by measuring both,
σ and σ′ . In the first case diffraction σγ limits the resolution, in the second case it is
the natural opening angle σ′γ of the radiation. We can define the product of these two
limitations as the effective emittance of the photon beam γ = σγσ′γ which represents some
measure of the limitation with which the particle beam can be measured. We compare
now in Table 2 two different sources of radiation with respect to their resolution. For
undulators the angular spread can be measured in both planes while the radiation from
long magnets can only give the vertical angles. In all cases we consider only the horizontal
polarization component (σ-mode) which gives a better resolution.
The photon beam from the Lorentz modulated undulator has a Gaussian angular
distribution and gives the smallest emittance. It is shown in optics that there is no other
distribution resulting in a smaller emittance than the Gaussian which is the minimum




. Of course these photon beam emittances do not represent a hard limit for measuring
the particle beam. The measured data can be corrected for the known size and angular
spread of the radiation leading to a considerably better resolution.
In most cases one does not measure both, the beam dimension and the angular
spread, of a beam with synchrotron radiation. It is often better to measure either the
beam size or the angular spread and use the relations (33) to find the emittance. To
measure the beam size it is best to chose as source a location of high beta function where
the beam size is large for a given emittance. For direct observation a small beta function
is advantageous since it gives large spread
σ =
√





For such measurements involving only one of two parameters the beta function has to be
known to deduce the emittance.
9 MEASUREMENT EXAMPLES
9.1 Introduction
In the following we discuss some beam observations carried out with synchrotron
radiation. Such measurements are done at all electron storage rings and the ones selected
here represent just some typical examples. In all cases either the beam size or the angular
spread was measured and the emittance was calculated from the lattice function at the
source. In most storage rings these functions are not too well known locally. Focusing
errors produce beta beating around the machine. It is recommended to provide some
measurements of the beta function at the source point. This could be realized by making
a small change of a neighboring quadrupole and measure the resulting variation of the
betatron tune.
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9.2 Imaging with synchrotron radiation in LEP
Figure 21: Telescope for imaging the beam cross section in LEP
Figure 22: Presentation of the beam cross section for eight successive revolutions
The electron positron storage ring LEP has operated at an energy exceeding 100 GeV
per beam. To minimize the power radiated by synchrotron radiation this ring has a large
bending radius in the dipole magnets of ρ = 3096 m. There are monitors which image
the beam cross section using the synchrotron radiation from these magnets [9]. They
consists of telescopes of the kind shown in Fig. 21 looking at the beam at locations having
different values for the dispersion function. To get a good resolution they can operate with
ultra-violet light of a wavelength λ = 200 nm. We expect a vertical resolution limitation
by Fraunhofer diffraction (32) if only the horizontal polarization is used
σY (σ) = 0.206(λ2ρ)1/3 = 0.1mm.
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A more detailed calculation of the effect of diffraction, depth of field and instrumental
effects has been carried out giving a resolution which is about twice as large.
We have to compare this resolution with the actual size of the beam. For physics
experiments LEP is operating either at 46 GeV per beam to produce Z0-particles or at
about 90 GeV to createW+, W−-pairs. At the lower energy the horizontal beam emittance
determined by synchrotron radiation in a 900 FODO lattice is Ex ≈ 12 nm rad. At the
higher energy it is larger. The vertical emittance is not well determined since it is due
to coupling and residual dispersion. After careful correction of these effects an emittance
ratio of about 0.5 % can be obtained giving Ey ≈ 0.06 nm rad. The vertical beta functions
at the synchrotron radiation monitors are 78.6 m and 137.1 m giving RMS beam sizes
of σy = 0.07 mm and σy = 0.09 mm respectively. These values are somewhat smaller
than the resolution. However, the instrument can make a correction for the diffraction
and is able to measure beams down to an emittance of about 0.1 nm rad. The horizontal
resolution of the instrument is optimized by limiting the horizontal acceptance. It is
a little larger than the vertical resolution but does not represent a limitation since the
horizontal beam size is large.
The image of the beam cross section is measured with a CCD camera and memorized.
It can now be presented as a horizontal and vertical profile or as a three dimensional plot.
It is also possible get this information for successive revolutions and thereby observe fast
bunch shape oscillation as shown in Fig. 22.
9.3 Imaging an electron beam with an x-ray pin-hole camera
Figure 23: Measuring the beam cross section with an x-ray pin-hole camera to evaluate
and compensate coupling
Since the diffraction limited resolution of the image is proportional to λ2/3 it can be
improved by going to a shorter wavelength. However, lenses and other optical elements
are not readily available for ultra-violet light or x-rays. It is possible to obtain an image
using x-rays and a simple pin-hole camera. Such a measurement was carried out for
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the electron-positron storage ring CEA [10]. The lay-out of this experiment is shown in
Fig. 23. The radiation originates in a bending magnet having ρ = 26.2 m, reaches at a
distance of 8 m a pin-hole of 0.07 mm diameter and is detected 16 m further down stream
on a film. The x-rays had to pass through 1.3 mm of Al and about 6 m of air which cut
most of the radiation with λ > 0.1 nm. Taking also the spectral sensitivity of the film into
account it is estimated that radiation with λ ≈ 0.05 nm contributed mostly to the picture.
For this wavelength and the pin-hole size used the diffraction contributes less than 0.01
mm to the resolution while the direct effect of the finite pin-hole size gives about 0.07
mm. Taking also the resolution of the film into account we estimate an overall resolution
of about 0.1 mm. The lower part of the Fig. 23 shows two measured cross sections of
the beam. The left picture indicates some strong coupling which is reduced by powering
a quadrupole which separates the horizontal and vertical tunes, as shown by the flatter
beam on the right side.
9.4 Measurement of the angular spread with undulator radiation
A direct measurement of the synchrotron radiation distribution gives the angular
spread of the particles in the beam. The resolution is limited by the natural opening angle
of the emitted radiation. Such a measurement has been carried out to measure the beam
in the electron-positron storage ring PEP at SLAC [11]. An undulator has been used as
a radiation source which permits to measure the vertical and horizontal angular spread
in the beam. A wavelength of the emitted radiation is selected by a monochromator and
observed on a screen at a distance L from the source as shown in Fig. 24. The measured
undulator spectrum and photon beam pictures taken at two different selected wavelengths
are shown in Fig. 25. The first picture is within the fundamental peak of the undulator
spectrum (but unfortunately not quite at its maximum). It shows an elliptic distribution
of the radiation around the axis. This distribution was scanned with a pinhole to get a
horizontal and a vertical cut through the distribution with the RMS widths σx and σy at
the screen. The second measurement was only taken for comparison at shorter wavelength
and shows that the second undulator harmonic has a distribution with vanishing intensity
on axis θ = 0.
To analyze the measurement we have to consider the other effects which influence
the measured photon beam size at the screen. The pinhole used for scanning had the
form of a square of side a = 0.5 mm which corresponds to σpinhole = a/
√
12 = 0.144
mm. The energy spread together with the dispersion and its derivative at the source
give a contribution σD = (D(0) + D′(0)L)σE/E at the screen. For the natural angular
distribution of the photon beam at the fundamental frequency ω10 we take the one given
by (28) and plotted in Fig. 16 valid for a weak field undulator as an approximation for our
experiment which uses a somewhat stronger field. We said before that this distribution
has a diverging variance for the opening angle θ. However, in this experiment cuts in the








Finally the emittance of the beam gives the contribution we want to measure. We showed
in section 7 that we can define a beta function β(L) for a photon beam on the screen and




The measured size σ of the photon beam on the screen is therefore composed of the
contributions
σ2 = σ2D + σ2pinhole + σ2γ + σ2
from which the emittance can be obtained. Its value in this measurement was about 35%




Figure 24: Direct angular distribution measurement of the monochromatized undulator
radiation
Figure 25: Measured undulator spectrum and photon beam picture
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